where u(x) is to be continuous over ϋ and have continuous second partials over D, ^ being the Laplacian. It has long been known (see [7, bibliography] ) that in this situation, with 0 < λ^ < λ^+i repeated according to multiplicity, the asymptotic distribution of λ n is given by Weyl's law μ 2 (D) (1.2) /VU)= T (see Carleman [2] for the E 3 analogue). By domain comparison methods [3, p. 386 
1=-t + o(t), t-»

] Courant has shown that o(t) in (1.2) can be replaced by O(\Jt lnί).
In a recent paper [6, p. 177 Pleijel suggests it should be possible to sharpen (1.2) by using his methods to investigate the analogue of (1.4) over complex ω.
It is the purpose of this paper to show that from (1.4) alone we can replace
in a certain sense. Precisely our result (2.13) is that with
KB)
1 4ιr 4π J have over all real u >_ e and all p > 0 for some M < + oo. Moreover, if Nit) has an ordinary asymptotic series in powers of ί, it must be consistent with (1.5) . We discuss briefly the possibility of sharpening (1.5) by replacing averaged 0 estimates by ordinary ones. We also note the utility of our consistency result in proving false a conjecture of Minakshisundaram [5, p. 331, no. 2] about the asymptotic behavior of Nit).
Clearly our theorems will apply to give results like (1.5) for a wide variety of more general problems than (1.1) for which estimates like (1.4) obtain; in particular such results hold for (1.1) in 3-space £3. 
Results and proofs.
In view of (2.1) it becomes convenient to define Fit) = 0 if it)) over t >^ b for some nonnegative f it) defined over t >^ k > 0 if for each p > 0 there exists some Mp < + oo such that the left side of (2.1) exists and is <_U p f iu)
for all u >_k. With this definition we can restate the conclusion of Theorem 1 as exists as an entire function of z over all real ω and all complex z The Fubini theorem also shows g(z 9 ω) G L t (-00,00) over ω with
and thus the Fourier transform inverse yields 
\F(t)\ < \F(b)\ + V F (t) = O(t r°) ,
so that we can integrate by parts in the left side of (2.1) and obtain from 
<0
for rι > 0, so that c^ = 0 follows.
To apply these two theorems we use a standard contour integral transformation on Pleijel's estimate (1.4) . The contour Cp, p >_ 0, in the z plane is defined to be first along the negative real axis from -oc to -p, then around the circle z = pe ι from θ = -π to θ = 77, then back along the axis to -en. On this contour we define with θ ~ -π 9 -π < θ < π, θ = π on the three parts respectively. The well known results are formulated in the following two lemmas (Carleman [2] ), and we sketch the proofs for the sake of completeness.
LEMMA 3. IfO< λ n < λ n + lf a n real, if 
which is analytic in s over R[s] < 3, having a removable singularity at s -2. We combine Lemma 4 with our two previous theorems to obtain the following result.
THEOREM 5. If the assumptions of Lemma 4 are satisfied with
over t >_b where If we consider the real valued eigenfunction u n (x) of problem ( ( A in our definition of 0 by less well behaved ones. We could get ordinary 0 estimates if we could use the characteristic function kernel X[_ t ^(ω-y), but since its Fourier transform is essentially v~l sin v, the analogue of the proof of Theorem 1 would then seem to require stronger conditions on £-^ n than can be expected to hold.
if H(t) has an ordinary asymptotic series in powers of t as t-» + oo, such a series must coincide term for term as far as it goes with the terms o/(2.12).
Proof. Let
F{t)=H(t)~ -
It is known from the refined results of geometric number theory [1, p. 823] that Mix), defined as the number of integer lattice points im,n) in the plane This asymptotic result for Nit) agrees with (2.13), although the corners of a square prevent it from satisfying the smooth boundary conditions required in Corollary 6. By carelessly dropping the yί term in going from Mix) to Nit) 9 Minakshisundaram [5, p. 331, no. 2] 
